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Abstract

Modeling the sovereign debt, and predicting the associated risk of
crises may have interesting implications in terms of public policy analy-
sis. Nonetheless until now we had to make a choice between two cate-
gories of sovereign debt models, with opposed advantages and drawbacks.
On the one hand, micro-founded sovereign debt models have been de-
veloped following Calvo(1988). They yield a developed market micro-
structure, but we must deal with the multiplicity of equilibria, which pre-
vents us from anticipating risks of crises. On the other hand, the global
games literature has enabled the study of regime change models - amongst
which sovereign debt crises - particularly since its development by Mor-
ris & Shin(2003,2004a,2004b). Here, the model has been often poorly
treated, but the original multiplicity of equilibria that arises in classical
coordination games has been removed.

The aim of this paper is to try and reconciliate these two literatures
by developing global games models with a more developed market micro-
structure, in order to keep the best part of these two kinds of literature.
The belief that drove us in the construction of our models is that the
return on the government bonds plays a central role in sovereign debt
issues. The �rst model we focused on represents a stylized secondary
market, where the di�erent agents observe an exogenous return, assumed
to approximately re�ect the State of the economy. One interesting con-
sequence is that, if the agents don't trust anymore that the interest rate
re�ects correctly the true value of the fundamentals, the better way for
the State to avoid default is to let the value of the interest rate increase.
In a second model we add an asset pricing market to the game, in order
to take into account the primary market too, and to endogenize the for-
mation of the interest rate. Here, a similar consequence States that if the
agents become very uncertain about the future, the higher the interest
rate, the lower the risk of default.

Nevertheless, this last model calls for some important restrictions of
the game, to avoid the multiplicity of equilibria generated by the �rst-
stage asset market. Future research could focus on this point, in order to
loosen these restrictions.

∗I would like to thank Edouard Challe for his support along the preparation and redaction
of this paper
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1 Introduction

In a seminal paper, Calvo(1988) builds a �rst micro-founded model of

sovereign debt crisis. In this model, a benevolent government tries to maximize

the utility of a representative individual, who is forced to buy sovereign bonds.

This government has thus the ability to repudiate part of his debt if it appears

to increase the utility of this individual, compared to an equivalent distorsion-

ary taxation. Under given conditions, this model exhibits two perfect-foresight

equilibria, which are Pareto-ranked. In a good equilibrium there is no default

on the debt: the State is able to fully reimburse its creditors, while in the bad

equilibrium, the State is forced to declare partial default on its debt.

One drawback, of this model is that it does not provide any insight in the

ability to predict which equilibrium will occur. The only proposed solution is to

set a maximum return on the auctioned bond, which is not completely satisfac-

tory. Moreover, letting the multiplicity of equilibria in the model may appear

counter-intuitive for di�erent reasons. The �rst one is that the equilibrium se-

lection calls for shifts in beliefs of the agents, whose cause can't be explained in

this framework; the second one, that it doesn't enable to generate any link be-

tween the fundamentals underlying the economy, and the economical outcomes

of the model. This is then important to try and determine a model, where we

could end up this multiplicity.

The intuitive way to put a stop to this multiplicity is to focus on arguments

of equilibrium selection. The question of equilibrium selection has been a main

point of interest among game theorists, and the proposed solutions have mainly

been based on di�erent modi�cations of the assumptions underlying classical

game-theoretic models. These assumptions State on the one hand that the

payo� structure of the game (and the economic fundamentals) are commonly

known, and on the other hand that all players are perfectly rational, and certain

about the behavior of the others in equilibrium.

Following the work of Harsanyi(1973), Selten(1975), and Harsanyi &

Selten(1988), Carlsson&VanDamme(1993) begin the development of the

global games literature, which seems able to eradicate the multiplicity of equi-

libria. In this paper, the authors analyze the equilibrium selection in 2 × 2

games of incomplete information, where the payo� structure is determined by a

random draw from a known class of games, and where the two players observe a

noisy value of this draw. Observing independent noisy values of the true game

enable to get rid of the perfect symmetry among players which is at the core

of the problems of multiplicity. They show that, when this game induces two

strict Nash equilibria, there is only one equilibrium remaining given the noisy
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observations of the players, and that this equilibrium is the risk-dominant one,

which may not be Pareto-preferred to the other.

The global games literature has then been widely developed, under the im-

pulse of Morris&Shin. In their papers dealing with global game theory and

di�erent applications (Morris&Shin(2003,2004a,2004b)), they extended the

consequences of the paper of Carlsson&VanDamme(1993) to many di�erent

cases, and classes of games. They mainly studied games exhibiting strategic

complementarities1, where a continuum of players, has a choice to make be-

tween two actions.

The major applications that have been explored by now include currency

crises, bank runs, or �rm debts crises Nonetheless, until now, very few papers

have tried to reconciliate the global games literature with models of sovereign

debt crises.

Most papers based on global games, who tried to develop a model of sovereign

debt crisis generated very simple, ad hoc models of sovereign debt roll-over.

This is the case for instance in Carlson&Hale(2005): the game exhibited in

this paper may be basically reduced to a standard coordination game of regime

change. If a su�ciently high fraction of the population accepts to buy bonds, the

State will have the opportunity to live an additional period, and not to default,

otherwise the State will be forced into default. The analogy can be translated

into any other regime change issue without fundamental modi�cations of the

model.

One way to make such a model more interesting, and more anchored in

sovereign debt problematic, is the one that has been adopted byHattori(2004).

In this paper, a �rst trade-o� between a well developed model, and equilibrium

selection using global games tools, has been built. The major improvement

brought by this paper stands in the development of the market micro-structure:

the market is segmented between specialists, who buy the bonds directly from

the government, and the �nal investors, who buy the bonds from the special-

ists. Nonetheless, in this framework, the return on the government bonds is not

at stake in the coordination game, which is at the opposite of the mainstream

analysis of sovereign debt models.

In the classical, simple debt models of coordination, the value of the return

on government bonds was exogenously set, while in the work of Hattori(2004),

it has been kept apart from the analysis. In this paper, we try to put the interest

rate back at the core of the analysis of the sovereign debt models - as it was

1We say that a game exhibit strategic complementarities, when the incitation of a player
to choose one action is monotonically increasing with the number of other agents who chooses
this action
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the case in the micro-founded, multiple-equilibria sovereign debt models - while

attempting at the same time to introduce some sand in the wheels of the game,

in order to select a unique equilibrium.

To do this, we start in the next section by developing a sovereign debt model

that will serve as a framework for the following of the study. In section 3, we

adapt the classical global games approach to this model, in order to get rid of

the multiplicity of equilibria in a classical, though basic way. We then try in the

following sections to get the model richer and more realistic. In section 4 we add

a �rst assumption that creates a �rst link between the State of the economy,

and the value of the return on the government bonds. In the last section, we set

an asset market before the classical coordination game, in order to endogenize

the value of this return into the game.

Our work is at the crossroads of the two literatures that we have presented

above. The mainstream literature on sovereign debt crises, in particular the

works of Calvo, and Alesina&al. have inspired us in building the framework

of the analysis, developed in the �rst section, and inspired us in looking for

an extension that could enable us to get rid of the multiplicity of equilibria

in such models. Nonetheless, the literature we have the most relied on, in

technical terms, has been the global games literature. We mainly rely on the

previous works of Carlson&VanDamme, andMorris&Shin in order to solve

the di�erent models that we set up in the �rst sections (section 3 and 4). For

the last section, where we included an asset market to our game, the works of

Hellwig&Al(2004,2006) that dealt with currency crises have appeared to be

very reliable starting points for an analogy in terms of sovereign debt crises.
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2 The model set-up

We consider an open economy ruled by a government, and populated by

a continuum of agents of mass 1. This open economy lives for two periods

t = {0, 1}.
The government has to face some �xed expenses to run important works,

pay �xed operating costs, or simply repay a past debt. In order to �nance these

expenses, the government chooses to borrow through the issuing of bonds. The

remaining expenses would be �nanced by taxes raised at date 0. We assume

that the value of the return on bonds is determined before the agents have the

opportunity to buy them. We will see three di�erent ways to determine the

value of this return.

We will assume that, in case the �xed cost can't be fully �nanced after raising

taxes and issuing debt, the government has to default, and doesn't reimburse its

debt. Hereafter we will equivalently talk of success of the project for no-default,

and failure of the project for default.

2.1 The government

1. In the �rst period, the government faces three types of expenses:

� The government has �xed expenses, necessary to reimburse the past

debt for instance, if the project succeeds (N0). These expenses are

exogenously set.

� The government may pay subsidies, to the households (S0), according

to the State of the economy.

� Finally, he has other possible expenses, that don't have a direct im-

pact on the agents (G0).

On the other hand, it has three ways to be funded

� He may sell bonds (B0)

� He also may raise taxes, according to the State of the economy (I0).

� In case of failure of the project, he may bene�ts from outside help

(H0) to help �nance the expenses.
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The government budget constraint in the �rst period is then:

N0.1Success + S0 +G0 = B0 + I0 +H01Failure

Or simply

N0.1Success +G0 = B0 + T0 +H0.1Failure

Where T0 summarizes all the transfers from the households, and can be

either positive or negative.

Notice that the other possible expenses - G0- behave as an adjustment

variable. This value is observed by the government at the end of the

�rst period, when all the other expenses have been made, and all the

incomes have been perceived, in order to get a balanced �rst period budget

constraint. The project fails whenever N0 > B0 + T0.

2. In the second period, the government has two types of expenses:

� The government may pay back the bonds he just issued, with some

extra interests, to the households (RB0), in case of no default in the

�rst period.

� It also may �nance an outside help fund in case of failure (H1).

On the other hand, it has one way to be funded

� It may raise taxes (T1)

The government budget constraint in the second period is then:

RB01success +H11failure = T1

2.2 The agents

There is a continuum I of risk neutral agents of mass 1:
´
I
di = 1.
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We assume that their utility relies exclusively on their consumption in period

1, without any discounting rate:

∀iεI, ui(c0i , c1i ) = c1i

Moreover, we assume that they consume all their money left in the second

period.

The timing of their actions is as follows:

1. Each agent is initially endowed with N units of money at the beginning

of the �rst period.

2. He then has the choice of buying N0 units of public debt2 (price 1, return

factor R in case of no-default, 0 otherwise), or of buying exclusively riskless

assets (price 1, return factor 1), knowing that the value of T0 has already

been determined.

3. He will then pay its �rst-period taxes and receive its subsidies, which sums

to T 0.

4. In the second period, if he bought the bonds, he will receive his payment

(RN0), in case of no-default.

5. In case of default, he won't receive his payment if he chose to buy govern-

ment bonds.

6. He will then pay taxes, T 1

The matrix of utility is the following3

No default Default

Buy N0 units of debt N −N0 − T 0 +RN0 − T1 N −N0 − T 0 − T1

Buy N unit of riskless asset N − T 0 − T1 N − T 0 − T1

Table 1: Table of utilities

2The agents can't buy less than N0 units of bonds, unless they don't buy any. This setting
is analogous to the paper of Calvo.

3We stood fuzzy about the determination of R, and T1 in the general framework. Di�erent
models will be studied where these two determinations will be more detailed
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2.3 Discussion

In di�erent self-ful�lling debt crises models, the agents have a perfect fore-

sight of the future, and of the reaction functions of the government (as in Calvo

or Alesina&Al.). In such models, the strategic player is generally the govern-

ment. In our model nonetheless, we must be able to introduce some uncertainty

in the beliefs of the agents - which is at the core of the global games literature -,

and this uncertainty should concern only one variable, namely the fundamental

of the economy. Moreover, the global games theory focuses on the choices of the

agents, and on the coordination among them. Hence, this is important to make

the agents the strategic players. The structural di�erences between self-ful�lling

debt crises models and global games models have made us choose some speci�c

assumptions.

In order to build this model, the assumptions we made is that the choices

of the agents depend mainly on the period 0 value of taxes, not on the one

levied in period one. Hence, the State faces a re�nancing problem when T0 is

too low for B0 + T0 - which is bounded by N0 + T0 - to exceed N0. If it may

seem very di�erent from the self-ful�lling debt crises models, it is more closely

related to the assumptions made in the global games models of regime change,

which makes the model easier to solve. The other point is that, trying to adapt

a simple and intuitive model where the agents buy bonds if they expect the

government to be able to reimburse them in the next period, appears to simply

erase the existence of equilibrium.

But the reasons for such a choice are not purely technical. The usual as-

sumption that we �nd in self-ful�lling debt crises models - the assumption that

the agents make their decisions according to the value of the taxes in period 1,

or according to the actions of the government in period 1 - would be unrealistic

in practice: Hattori states that the agents in practice, don't focus on what will

occur one year ahead, but only 3 to 6 months ahead. Nonetheless, in order to

make a stronger link between these two literatures, we chose in the last section

to also take into account the value of the period 1 taxes in the decisions of the

agents.

The framework that has been set up yields an interesting trade-o� between

a model that allows for the existence of equilibrium, and that is quite easy to

solve, and a model that would be su�ciently realistic. The model here has some

interesting implications, with respect to a classical regime change model.

The �rst change we made, was trying to give a reasonable meaning to the

expression �fundamentals of the economy�. This notion that we �nd in every

paper dealing with global games, is quite easily understandable, even though it

may seem a tough assumption to suppose that all the health of the economy can

8



be summarized in a one-dimensional parameter. The choice we made here is to

assume that T0can catch all the necessary information for the creditors to make

their decision: to us a high T0is associated to a high value of the fundamentals,

as it captures the fact that the population doesn't need subsidies and is able to

pay high taxes, or the fact that the State is strong enough to have the ability

to levy taxes. On the contrary, a low T0 is associated to a poor value of the

fundamentals.

Secondly, it gives some reasons for the State to need borrowing: here, we

stated this reason as reimbursing existing debt. This assumption makes the

model quite consistent with respect to the other existing models of debt roll-

over, and makes this model realistic in terms of the analysis of sovereign debt

crises: this is the impossibility of reimbursement of past debt that is at the origin

of such crises. Moreover this makes this model embeddable into a many-period

model. The hypothesis of full default in case of inability to reimburse the past

debt is easily understandable: when the State defaults, not only the past issued

bonds, but also the newly issued ones are not paid back. This corresponds to

a practice that we �nd in reality, the cross-default, and this has been used in

many similar sovereign debt models (see Hattori(2004) for instance).

The third point that seemed interesting to us is that the success of the project

enables the reimbursement of the bonds, according to a predetermined condition:

RB0 = T1, where T1 is variable, and may depend on R, N0,.. according to

the setting of the model. This simple feature enables - if we wish - to put

some intertemporal consideration, as we will do in the last section, in order to

determine a value of R consistent with future gains. Indeed, this value of R

could take into account expected future incomes of the government. Until now,

all the models that have incorporated global games in models of sovereign debt

are lacking this aspect, which lowers the link between the interest rate and the

fundamentals of the economy, and diminishes the role of the interest rate on the

occurrence of default.

Having set up a general framework to study sovereign debt crises we will

now try and solve this model with di�erent assumptions.
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3 A simple model

In the �rst part, we assume that the agents only know that they would be

reimbursed if the project succeeds (i.e. if the State doesn't default). They are

not interested to learn about the true value of T1, as long as they know that T1

is large enough to enable a full reimbursement in case of success of the project.

One way to see this is to assume that T1 is determined after the agents buy the

bonds, in order to ful�ll the condition RB0 = T1, and that the government is

truthful, so as to be able to promise the reimbursement in case of no-default.

Moreover the value of R is set as exogenous. One way to see this is to

say that it is determined by the agents, before buying the bonds, and before

knowing anything about T0. The value of R could then be determined by an

ex-ante no-arbitrage condition.

For the sake of simplicity, we will assume that the agents have an improper

prior about T0: the ex-ante probability of observing any value of T0 follows a

uniform distribution over the entire real line.4

The timing of the game is summarized here:

Figure 1: Time-line of the simple game

The game we are studying corresponds then to a coordination game between
agents, as can be seen in the global game literature; the only question that
remains is: will there be enough agents that are ready to buy bonds in order to
avoid default?

3.1 The full information case

We will �rst assume that there is full information: the agents observe directly

4If this assumption may appear unrealistic, it has the advantage of generating less technical
di�culties for the following. Moreover this assumption is not completely essential, and doesn't
drive the results that we will observe (cf the discussion of section 4 to see why)
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the true value of T0, at the beginning of the game (i.e. before choosing whether

or not buying bonds).

Before, we may assume that the value of R is determined through an ex-ante

no arbitrage condition. This is a purely illustrative aspect, and doesn't have

any realistic foundation.

The no-arbitrage condition yields: Pr(N0 6 B0 + T0) ∗R = 1, hence

R = 1
Pr(N06B0+T0)

∈ [ 1
Pr(N06T0) ; 1

Pr(06T0) ]

= 2

Let's now turn to the game, and assume that the agents perfectly know the

true value of T0.

Three cases have to be distinguished:

1. T0 > N0: in that case, we always have T0 +B0 > N0. This means that the

project always succeeds. As R > 1: each player has a dominant strategy

to buy bonds.

2. T0 < 0: in that case, we always have T0 +B0 < N0, and the project always

fails. As N −N0 − T 0 − T1 < N − T 0 − T1, each player has a dominant

strategy not to buy bonds.

3. T0 ∈ [0, N0]: there are two symmetric pure strategy Nash equilibria. Ei-

ther all the agents buy bonds, and B0 = N0, which leads to the success of

the project, and maximizes the welfare of everyone. Or all the agents refuse

buying bonds: B0 = 0, T0 + B0 < N0, the project fails, and the agents

are in a second symmetric Nash equilibrium -though welfare-dominated by

the �rst one. Notice that there exists also an in�nity of other asymmetric

pure Nash equilibria. 5

To summarize, denoting D the proportion of agents who buy bonds, we

plotted below with a green and a red line, the values of T0 for which having the

corresponding proportion of agents buying bonds lead to an equilibrium.

5As for now, when it will be time for interpretations, we will mainly focus on these values
of T0. Nonetheless, focusing only on these values while solving the game is not possible: as
we will see, the existence of the two other dominance regions is necessary for getting rid of
the multiplicity.
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Figure 2: Dominance regions of the full information case

In this game, as in the other models of debt crisis such as Calvo, we have

to cope with the problem of multiplicity of equilibria. For certain value of T0,

or certain states of the world, the agents have for instance the opportunity of

coordinating on a welfare improving equilibrium, or on a welfare dominated

equilibrium. The multiplicity of equilibria results from agents' inability to co-

ordinate their choices in this strategic environment. This raises the interesting,

and complicated question of the selection of the equilibrium: what would bring

the agents to coordinate on such or such equilibrium? How could we anticipate

the default of the State?

The path we are following is the global games theory, which tries to search

an answer to this question in the incompleteness of information.

3.2 A simple game of incomplete information

We assume now that T0 is not commonly known, and not perfectly observable

by the di�erent agents.

Instead, each agent i ∈ I observes a �blurry� value of T0, the value T i0 =

T0 + εi, where the idiosyncratic noise εi is normally distributed, with mean 0,

and precision β: ∀i ∈ I, εi ∼ N (0, β−1). In our case, when the value of the tax,

and subsidies have been decided, the di�erent agents don't know precisely what

will be this value before having to pay. As before, the prior about T0 follows a

uniform distribution about the entire real line.

We still consider that R is determined by the agents, before their obser-

vation of T i0, and that they know that T1 will be high enough to enable the

reimbursement of any stock of bonds in the next period.

We will try to see in that case, whether the multiplicity of equilibria still

holds and solve for equilibrium.
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3.2.1 De�nitions

Let's �rst begin with some de�nitions

1. A strategy is a function specifying an action for each possible private signal.

In this case, the set of actions is {Notbuyingbonds, Buyingbonds}, which
is designed hereafter as {0, 1}: a strategy for agent i is then a function{

s : R→ {0, 1}
T i0 → {0, 1}

.

2. A switching strategy is a strategy where the agent buys bonds - and takes

the more risky action if and only if he observes a private signal above some

threshold. The switching strategy around T̂0 is thus the following:

s(T i0) =

{
1 if T i0 > T̂0

0 if T i0 6 T̂0

.

3. An equilibrium is a pro�le of strategies - one for each agent - such that

each agent's strategy maximizes his expected payo� conditional on the

information available, when all other agents are following the strategies

in the pro�le. Treating each possible realization of i's signal as a possible

type of this agent, we are trying to solve for the Bayes Nash equilibria of

the new game of imperfect information.

3.2.2 Switching strategy

In solving the model, looking for the equilibria, we will focus on switching

strategy equilibria. If the restriction to such strategies is not without loss of

generality, the switching strategy equilibria have an interesting property, as

for the analysis of the uniqueness vs. multiplicity of equilibria: It turns out

that whenever there is a unique switching strategy equilibrium, there is also a

unique overall equilibrium. This property, whose proof is purely technical, will

be demonstrated in appendix.

We �rst focus on switching strategy equilibria:

Agent i observes a private signal T i0 = T0 + εi. Each εiis independently

normally distributed with mean 0, and variance β−1(or precision β).
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Hence as T0 is assumed to be drawn from the real line with each realization

equally likely, an agent who observes T i0 considers T0 to be distributed normally,

with mean T i0, and variance β−1.

Consider a player who has observed signal T i0 and thinks that all his oppo-

nents are following the switching strategy with cuto� point T̂0. For T̂0 to be

an equilibrium switching point, an agent whose posterior belief is T̂0 should be

exactly indi�erent between buying bonds and not buying bonds.

Let's denote p the expected probability of success of the project for this

agent. His expected gain in utility to invest will be:

[p×R− 1]×N0

6

Moreover, with T0∗ the critical value of T0 at which the State is on the

margin between defaulting and not defaulting we have the following condition:

p = Prob(T0 > T0 ∗ |T i0)

= Prob(T i0 − εi > T0 ∗ |T i0)

= Prob(εi 6 T i0 − T0 ∗ |T i0)

= Φ(
√
β(T i0 − T0∗))

Where Φ(.) stands -hereafter - for the c.d.f of N (0, 1).

For an agent such that T i0 = T̂0, we have: Φ(
√
β(T̂0 − T0∗)) = 1

R .

This �rst condition is summarized here:

6p× (N −N0 − T 0 − T1 +RN0) + (1− p)× (N −N0 − T 0 − T1)− [p× (N − T 0 − T1) +
(1− p)× (N − T 0 − T1)]
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Figure 3: Determination of T̂0

In the equilibrium, we also have another condition:

The critical value of the fundamentals at which the State is on the margin

between defaulting and not defaulting is at the state T0∗ for which T0∗ = N0(1−
D), where D is the proportion of agents who buy bonds, resulting from the

switching strategy around T̂0, when T0 = T0∗.
We better understand how to �nd this value graphically.
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Figure 4: Determination of T0∗

We have

D =

ˆ
I

Prob(T j0 > T̂0)dj =

ˆ
I

Prob(T0 ∗ −T̂0 > −εj)dj = Φ(
√
β(T0 ∗ −T̂0))

Hence

1− Φ(
√
β(T0 ∗ −T̂0)) = Φ(

√
β(T̂0 − T0∗)) =

T0∗
N0

Combining these two results enables to solve for the switching strategy

equilibria

We have: T0∗ = N0

R

T̂0 = 1√
β

Φ−1( 1
R ) + N0

R

For any R > 1, there is a unique associated switching strategy equilibrium.

For instance, assuming that the government bond is priced ex ante with re-
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spect to the riskless asset, we will have R = 1
Pr(T0>T0∗) = 2 , and the associated

unique switching strategy equilibrium.

3.2.3 Uniqueness of equilibrium

So far, we have focused on the uniqueness of switching strategy equilibria.

In fact, we can show that if there is a unique symmetric equilibrium in switching

strategies, there can be no other equilibrium.

We will sketch the proof in Appendix for this model, but the proof is anal-

ogous for the two following extensions of the model. Hence, hereafter, we will

simply focus on determining the uniqueness of switching strategy equilibria, as

this is a su�cient and necessary condition for the uniqueness of equilibria.

3.3 Analysis of the model

This �rst model shows a classical analysis in terms of global games, and

enables to understand how, the introduction of noise in the signals perceived by

the agents enable to get rid of the multiplicity of equilibria. In a way, this �rst

approach lets us understand how the selection works, and how the technical dif-

�culties can be solved. In this �rst approach, to each value of R, corresponds for

all the agents, a unique strategy where they decide to buy or not the government

bonds according to the value of the perceived signal. This also gives a unique

associated threshold value of T0, T0 ∗ (R) above which the project succeeds, and

the State doesn't default, and under which the State is forced to default.

This is interesting to see that this uniqueness result holds in the limiting case

as the noise vanishes (β →∞) . At �rst glance this may seem puzzling, as the

private signal reveals in this case the true value of the fundamental. As analyzed

by Morris&Shin(2004b), if the fundamental uncertainty (uncertainty about

the true value of the fundamentals) disappears, the multiplicity of equilibrium

still doesn't hold due to the e�ect of the remaining strategic uncertainty, which is

the uncertainty concerning the actions of the others. This strategic uncertainty

then prevents the di�erent agents to perfectly coordinate into any equilibrium.

The question that remains unexplained is: why does this strategic uncer-

tainty hold? One idea to understand this is developed here.

Every agent, if some strategic uncertainty remains, will have a di�use idea

of the actions of the others, and be in a way more myopic concerning this. If

we consider the proportion D of players who buy bonds, the subjective density

function over [0;1] (i.e. the density function of D given T i0) will appear di�use if

there is lot of strategic uncertainty, and more concentrated otherwise. It can be
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shown that, this density is uniform for the switching player, even in the limiting

case7. This suggests that strategic uncertainty remains in the limiting case,

which enables the equilibrium selection.

Let us sketch this argument. Suppose that an agent is indi�erent between

buying government bonds or not, having observed signal T i0 . Consider the prob-

ability that proportion p or less of the other agents have received a signal higher

than this signal; p is the proportions of agents who will buy bonds. Let's denote

T0 ∗ (p) the marginal state such that, at T0 ∗ (p), the proportion of agents with

a signal higher than the critical level is exactly p.

We then have: p = Pr(T j0 ≥ T i0) = Pr(T0 ∗ (p) +εi ≥ T i0) = Φ(
√
β(T0 ∗ (p)−

T i0))

What is now the probability for the true T0 to be lower than T0∗(p) given T i0?
This is: Prob(T0 ≤ T0 ∗ |T i0) = Prob(T i0−εi ≤ T0 ∗ |T i0) = Φ(

√
β(T0 ∗−T i0)) = p.

Hence, as agent i is the switching agent,

Pr(D ≤ p|T i0) = Pr(
´
I
Pr(T j0 ≥ T i0)dj ≤ p|T i0)

= Pr(Φ(
√
β(T0 − T i0) ≤ Φ(

√
β(T0 ∗ (p)− T i0))|T i0)

= Prob(T0 ≤ T0 ∗ (p)|T i0)

= p

The subjective cumulative density function of D for this agent is then the

identity function, which shows that for this agent, the subjective density func-

tion of D is uniform. This tends to show in a way how, even when the funda-

mental uncertainty vanishes, the strategic uncertainty still holds.

Another interesting point of this �rst model, is that we can see that this

uncertainty forces the State to default for values of T0 ∈ [0; N0

R ], where, in the

perfect information case, the agents had the ability to coordinate in order to

prevent this. On the other hand, it ensures that the State will survive for values

of T0 ∈ [N0

R ;N0]. Let's focus on values of T0 ∈ [0;N0]. We can for instance

assume that the State has the power to impose T0 to stick into this range, even

if the population keeps a uniform prior on the whole real line about T0. In case

of bad economical situations, where T0 is low, still positive, the State must pay a

high return in order to enable the project to succeed, and to avoid default: there

will always be a value of R such that the project may take place, and the worse

the economical situation, the higher the minimal value of R. Not surprisingly,

a high R associated to bad economics outcomes and no default seems consistent.

7With a normal prior on T0, the subjective density function would have been uniform only
in the limiting case
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Nonetheless, in this �rst basic model, we haven't explicited any clear link

between the value of R, and the value of the fundamentals: we simply stated

that the fundamentals are determined by the Nature, and that the value of R

is determined before the coordination game. The value of R may perfectly be

uncorrelated to the value of T0, and this doesn't seem quite realistic. We will

then try to build a more direct link between these two variables in the following

sections, in order to get a richer and more consistent model.
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4 Toward a micro-founded model: R as an ex-

ogenous vector of information

In the �rst model, the value of R could be set up at any value, such that

R > 1, and we have for instance priced it ex ante, before knowing anything

about the state of the economy. This is not completely satisfactory: when you

buy bonds, the return on the bonds gives you an indication on the state of the

economy.

We will now consider in this �rst extension that when you observe the value

of R, you have an insight on the health of the economy - which can be seen

here as the ability of the government to raise taxes. Nonetheless, the actors of

the game go on taking R as exogenous. As in the model of Hattori(2004) we

could consider that we focus on the coordination game of the �nal investors,

behaving as price takers: they observe R, previously determined by specialists,

and this value is trusted as partly revealing the true state T0. They then make

their decisions of investment, assuming that if the government doesn't default

at the end of the �rst period they would be reimbursed with certainty.

The timing of the new game is represented below.

Figure 5: Time-line of the second game

4.1 The model set-up

We now assume that R behaves as a public signal : the value of R is pub-

licly observed, and commonly known as re�ecting the value of T0 in this way

γΦ−1( 1
R ) = T0 + v, where v ∼ N (0, α−1), and γ ∈ R+

∗ .

The γ term in the left-hand side enables to quantify the informational role of

R: the public signal that the di�erent agents observe is given by z = γΦ−1( 1
R ) =
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T0+v, and we have ∂z
∂Φ−1( 1

R )
= γ. Hence, the higher the coe�cient γ, the more a

variation of Φ−1( 1
R ) impacts the public signal, and the higher the informational

impact of R.

For the sake of simplicity we still assume that T0 is drawn from an improper

prior, and, for the same reasons as before, we focus on switching strategy equi-

libria. Once T0 has been drawn, the agents observe the value of the public

signal R, and their private signal T i0 . Then, they decide whether or not to buy

bonds. The way to solve for the switching strategy equilibria is analogous to

the previous model.

4.2 Solving the model

Agent i observes a private signal T i0 = T0 + εi - with each εi indepen-

dently normally distributed with mean 0, and variance β−1, and a public signal

γΦ−1( 1
R ) = T0 + v, where v ∼ N (0, α−1).

The introduction of the public signal gives additional information on the

true value of T0.

Let's now take a look at the posterior distribution of T0 (the updated belief)

for the agent i, and denote fX the probability density function of the random

variable X.

Bayes theorem states that

fT0(t0|γΦ−1(
1

R
) = z, T i0 = ti0) ∝ fT i0 (ti0|γΦ−1(

1

R
) = z, T0 = t0)×fγΦ−1( 1

R )(z|T0 = t0)×fT0(t0)

We have
fT0(t0) = 1 (improper uniform prior)

fγΦ−1( 1
R )(z|T0 = t0) ∝ exp(− 1

2α(z − t0)2)

fT i0 (ti0|γΦ−1( 1
R ) = z, T0 = t0) = fT i0 (ti0|T0 = t0) ∝ exp(− 1

2β(ti0 − t0)2)

Hence

fT0
(t0|γΦ−1(

1

R
) = z, T i0 = ti0) ∝ exp(−1

2
β(ti0 − t0)2 − 1

2
α(z − t0)2)

And

β(ti0 − t0)2 + α(z − t0)2 = (α+ β)(t0 −
αz + βti0
α+ β

)2 +
αβ

(α+ β)
(ti0 − z)2

.

The posterior distribution of T0, given γΦ−1( 1
R ) and T i0 has then the form

of a normal law, with mean
αγΦ−1( 1

R )+βT i0
α+β , and precision α+ β.
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Observing the public and the private signal, the agents have an updated

signal about T0, which is obtained as seen in the following �gure.

Figure 6: Determination of the posterior distribution

The demonstration that follows is then similar as the one above, with a new

posterior distribution of T0.

Let's again denote T̂0 the switching strategy cuto� point. For T̂0 to be

an equilibrium switching point, an agent whose posterior belief is T̂0should be

exactly indi�erent between buying bonds and not buying bonds.

Let's denote p the expected probability of success of the project for this

agent. His expected gain in utility to invest will be again:

p×R− 1

Moreover, with T0∗ the critical value of T0 at which the project is on the
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margin between failing and succeeding we have the following condition:

p = Prob(T0 > T0 ∗ |T i0, γΦ−1( 1
R ))

= Prob(
αγΦ−1( 1

R )+βT i0
α+β + 1√

α+β
πi > T0 ∗ |T i0, γΦ−1( 1

R ))

= Prob(−πi 6
√
α+ β(

αγΦ−1( 1
R )+βT i0

α+β − T0∗)|T i0, γΦ−1( 1
R ))

= Φ(
√
α+ β(

αγΦ−1( 1
R )+βT i0

α+β − T0∗))

For an agent such that
αγΦ−1( 1

R )+βT i0
α+β = T̂0, we have:

Φ(
√
α+ β(T̂0 − T0∗)) =

1

R

.

At the equilibrium, we also have another condition:

The critical value of the fundamentals at which the project is on the margin

between failing and succeeding is at the state T0∗ for which T0∗ = N0(1 −D),

where D is the proportion of agents who buy bonds, resulting from the switching

strategy around T̂0, when T0 = T0∗.
We have

D =
´
I
Prob(

αγΦ−1( 1
R )+βT i0

α+β > T̂0)di

=
´
I
Prob(T i0 >

(α+β)T̂0−αγΦ−1( 1
R )

β )di

= Φ(
√
β(T0 ∗ −

(α+β)T̂0−αγΦ−1( 1
R )

β ))

Hence

1−Φ(
√
β(T0∗−

(α+ β)T̂0 − αγΦ−1( 1
R )

β
)) = Φ(

√
β(

(α+ β)T̂0 − αγΦ−1( 1
R )

β
−T0∗)) =

T0∗
N0

Combining these two results enables to solve for the switching strategy equi-

libria.

We have: Φ(
√
β(

(α+β)T̂0−αγΦ−1( 1
R )

β − T0∗)) = T0∗
N0

Φ(
√
α+ β(T̂0 − T0∗)) = 1

R

Hence: T̂0 = 1√
α+β

Φ−1( 1
R ) + T0∗

Φ( 1√
β

(αT0 ∗+
√
α+ βΦ−1( 1

R )− αγΦ−1( 1
R ))) = T0∗

N0
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⇐⇒

T̂0 = 1√
α+β

Φ−1( 1
R ) + T0∗

√
βΦ−1(T0∗

N0
)− αT0∗ =

√
α+ βΦ−1( 1

R )− αγΦ−1( 1
R )

4.3 uniqueness of equilibrium

The uniqueness of the equilibrium exclusively relies on the second equation.

Having observed the signals, is there a unique threshold value for T0 above which

the government doesn't default? Is there a unique threshold value for T i0 above

which the agents buy bonds?

Let's make a change of variables.

Given z,
ψ : x 7→ Φ−1( x

N0
)

[0;N0] → R
is a bijection.

Solving for the uniqueness of equilibrium of this problem, corresponds to

solve for the uniqueness of x ∈ R such that:√
βx− αN0Φ(x) =

√
α+ βΦ−1( 1

R )− αγΦ−1( 1
R )

This sums up to study the function g:

g : x 7→ x− αN0√
β

Φ(x) + c

R → R
where c stands for

√
α+β√
β

Φ−1( 1
R )− αγ√

β
Φ−1( 1

R ).

A simple limit analysis shows by arguments of continuity that the function

admits at least one zero.

Let's now analyze the derivative of this function:

∀x ∈ R, g′(x) = 1− αN0√
β
φ(x)

Two cases can be distinguished:

1. Either
√
β

αN0
> φ(0) = 1√

2π
, in which case we can ensure the uniqueness of

the equilibrium.

2. Or
√
β

αN0
< φ(0) = 1√

2π
, in which case we can't ensure the uniqueness of

the equilibrium: according to the value of c, hence the value of R, there

can be multiple equilibria.

The three possible di�erent cases have been represented in the �gure below,

where g(a, b, .) is the function de�ned by:

g(a, b, .) : x 7→ x− aΦ(x) + b
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Figure 7: Multiplicity vs. uniqueness of equilibrium: Determination

For the sake of simplicity, we will keep in mind the su�cient conditions:

there is a unique equilibrium if
√
β

αN0
> 1√

2π
and there may be multiple equilibria

otherwise.

This condition is represented in the following �gure, for N0 = 1
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Figure 8: uniqueness vs. Multiplicity of equilibria: Conditions on the precisions

4.4 Analysis of the model

In this second framework we still kept the determination of the interest rate

away from the game. We assumed that this determination occurs after T0 has

been drawn, but before the agents choose whether or not buying bonds. We

also assumed that the determination of this value could help the investors in

this decision by giving them an additional public signal about the underlying

fundamental. How can we interpret the introduction of such a signal?

One way to see this is to assume that the return on this asset is determined

according to the value of the fundamentals, through an auction amongst big

investors in a primary market. This market segmentation is consistent with the

tender of the debt in many countries. For instance, the tender of the French

debt is determined in an analogous way: there are 20 specialists - French and

foreign banks and institutions - who have the mission, and the right to buy

the bonds sold by the government, at a return determined by auction. Their

role is mainly to make these auctions possible (each of them must buy at least
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2% of each kind of the bonds issued), and then to ensure the �uidity of the

secondary market to whom they sold the debt that they bought. They also

have a counseling role.

This return re�ects in a way the state of the economy: the weaker the

economy, the higher the return, as the primary dealers fear the bankrupt of the

State. The way of auctioning the French debt - adjudication à la hollandaise

- is as follows: the di�erent primary dealers propose some price (or return),

and quantity of bonds, and the Agence France Trésor then sells the bonds at

the proposed price, beginning with the higher o�er, and ending when they have

issued enough bonds.

Nonetheless our model does not completely reproduce this market segmen-

tation. A better interpretation would be to imagine that the primary dealers

only set the price of the asset 8, but that the agents decide whether or not

buying bonds directly to the State: hence, if an insu�cient number of agents

buy bonds, the State itself declares default, not the primary dealers.

In this new model, the essential improvement is the addition of public infor-

mation provided by the returns. The introduction of the public information in

the model has some interesting implications.

The �rst ones are more of technically order: it enables to solve the model

when an additional public signal is at stake, and to understand how the in-

troduction of such a signal modi�es the beliefs of the agents on the state of

the economy. It will have important implications in the next section. It also

enables in a way to understand how a normal prior on T0 could have changed

the previous results (compared to an improper, uniform prior). We understand

that it would basically add some technical di�culties, and a restriction on the

precision of this prior to get the previous results; more precisely, the uniform

prior assumption appears to be a limiting case of a normal prior assumption

when the precision of the normal distribution tends to 0.

It also enables to understand the implications of an informative meaning of

R. As in the previous model, this new public signal generates both strategic

and fundamental uncertainty. This, again can be seen in the limiting case of

the precision of the signal. Let's consider the limiting case: α→∞,β →∞ and

8

This is actually one of their role: they must give a price of the asset, and a corresponding

quantity, they are ready to buy or sell on the secondary market, in order to �uidize it.
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αN0√
β

= c <
√

2π. We then get:

{
T̂0 = T0∗
Φ−1(T0∗

N0
)− cT0∗

N0
= Φ−1( 1

R )− cγ
N0

Φ−1( 1
R ) 6= Φ−1( 1

R )− c
R

We notice that the value of R appears in this expression in a very di�erent

way than in the previous model. This is quite puzzling, for two reasons: the

�rst one is that knowing that the value of R re�ects perfectly the fundamental

T0 shouldn't yield any additional information to the players, who already know

that their private signal perfectly re�ects the true value of the fundamental; the

second one is that, the information contained in the public signal is still much

less precise as the public signal, and then the information given by the public

signal should be dominated by the private signals. This shows the importance

of the strategic uncertainty in the outcome of such games: the value of R has an

important role in making inferences concerning the (updated) beliefs of other

creditors, and then, on what they do.

In this model, R has two opposite roles: on the one hand, an increase in R -

or a decrease in 1
R - generates a decrease in the public signal Φ−1( 1

R ), which tells

the agents that the fundamentals of the economy are worse, and disincentives

them from buying bonds. We call it the informative e�ect of the return on the

bonds. In the previous couple of equations, the informative e�ect is symbolized

by the term cγ
N0

Φ−1( 1
R ). On the other hand, an increase in R leads to an increase

in the expected payo� for any agent, p being �xed. We call it the payo� e�ect

of the return on the bonds. In the previous couple of equations, the payo� e�ect

is symbolized by the term Φ−1( 1
R ). If the informative e�ect is higher than the

payo� e�ect, a su�ciently high R will deter the agents from investing and lead

to a default while otherwise, a low R would lead to a default. Consistent with

the intuition, the payo� e�ect is stronger than the informative e�ect for high

values of N0 (as the expected payo� is much higher for a slight evolution of R),

and the informative e�ect is stronger than the payo� e�ect for high values of γ,

which is consistent with the de�nition of γ.

Under the light of this statement, we could analyze the last sovereign debt

crisis in Europe as an information crisis: if a country has a very low R, and a

low risk of default, this is because the informative e�ect is higher than the payo�

e�ect. Hence, the determined interest rate is assumed by the �nal investors, to

follow quite sharply the variations of the fundamentals: the slightest variation

in T0 would be immediately - and sensitively - transmitted into the value of

R. When they suddenly notice that it is not the case, the agents update their

informative e�ect, which falls below the payo� e�ect: hence, to limit the risk of
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default, the returns have to rise.
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5 Toward a micro-founded model: R as an en-

dogenous information vector

The previous model yields interesting implications both technically, with

the introduction of a public signal, and in terms of interpretations of sovereign

debt crises, by giving a �rst model where R is at the core of the default risk

mechanisms. Nonetheless, there remain some points that call for an extension.

The �rst one is that the determination of R still remains unexplained in

these previous models, and we would wish to integrate this price formation into

a wider model.

The second one is the fact that this model doesn't have any forward-looking

component; R is assumed to re�ect, more or less starkly the state of the world at

time 0, while the return on the bonds will be paid at time 1. This would make our

model more realistic to take into account this intertemporality, as the di�erent

multiple-equilibria, micro-founded debt models do (Calvo, Alesina,..).9

The previous model only paid attention to a stylized secondary market. In

this model we will try to take into account the primary market too, and to pay

attention to the agents as price-setters, and not as price-taker anymore.

5.1 The new game

We now add a prior asset pricing game to our model, in order to make it

more complete.

At the beginning, the di�erent agents interact in a Walrasian auction in

order to determine the appropriate return on the bonds. This is symbolized by

a supply-demand equilibrium, where the di�erent agents coordinate on a value

of R, having observed a blurry value of T1. The supply-demand equilibrium

then basically states that:

RDN0 = T1

where the functional form of T1 will be explicited, and discussed below.

Once they have interacted in this asset market, the return that has been

determined provides a public signal about T0, and we get back to the question

of solving a coordination game amongst agents, similar to the one we solved in

the previous section.

The new timing of the game is the following.

9Hattori(2004) states that such an assumption of intertemporality is opposed to what
we observe in practice. He says that when the investors worry about the solvency of the
government, they would take into account if the government has enough �nance for the coming
quarter or half-year, implying that the concerns of the investors keep restricted to the near
future. In this case, the previous model may be su�cient. Nonetheless, we trust that even if
the investors are able to worry only up to the next half-year, the question of intertemporality
should be left apart.
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Figure 9: Time-line of the last game

5.2 Solving the model

The new game is a two-stage game. We �rst solve the asset pricing game,

and then the coordination game.

5.2.1 The asset-pricing game

We assume now that the value of T1 is determined at the beginning of the

game, and is perceived by the di�erent agents as:

T1 = RN0Φ(s0 + Φ−1(
1

R
) + Φ−1(

1

N0
))

with s0 ∼ N (0, δ−1). It enables to take into account the fact that the taxes

have not been levied yet, and that there could be some variability between the

expected taxes and the realized one. It also enables to avoid the asset mar-

ket being fully revealing of the value of the fundamental, which would lead to

multiplicity of equilibria. The form of the function simpli�es the calculations

and enables to take into account the e�ect of R and N0 on the market clearing

condition: for a given value of s0, the amount of taxes that will be levied is

de�ned. Hence an increase in R should be re�ected by a downward pressure on

the demand side: the total amount of money that can be paid back is �xed,

increasing R reduces the number of bonds that can be reimbursed without jeop-

ardizing the second period �nancial equilibrium. An increase in N0 should have

a symmetric impact given the market-clearing condition, and the economical

reason for this is perfectly similar to the one we just stated.

Giving the functional form assumption, the market clearing condition states

that:
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RDN0 = RΦ(
√
β(T0 − T̂0(R)))N0 = T1 = RΦ(s0 + Φ−1(

1

R
) + Φ−1(

1

N0
))N0

Or simply

Φ(
√
β(T0 − T̂0(R))) = Φ(s0 + Φ−1(

1

R
) + Φ−1(

1

N0
))

Using the asset market clearing condition, the information conveyed by the

asset price is summarized by

z = T̂0(R) + Φ−1(
1

N0
)

1√
β

+ Φ−1(
1

R
)

1√
β

= T0 − s0
1√
β

where T̂0(R) stands hereafter for the switching threshold of the private signal.

R(T0, s0) is an admissible solution in equilibrium, if and only if, for all T0, s0

the above condition is satis�ed. The left hand-side of the above expression only

depends on R, on which the agents can condition their bids, as in the previous

models. The right hand-side, only depends on the unobservable of the game: T0

and s0. Hence, if the Walrasian auctioneer10 conditions R on z = T0 − s0
1√
β
,

choosing the same value of R(z) for all T0, s0 such that z = T0 − s0
1√
β
, z

becomes a su�cient statistic for the information conveyed by R about T0 on the

equilibrium path.

We assume that this is the case, and that the value of R is determined after

observing a draw of z (the agents who take part to the game don't have the abil-

ity to disentangle T0 from s0 in their observation). The information conveyed

by R about T0 is then summarized by a public signal, z which is - conditional

on T0 - normally distributed with mean T0, and precision βδ. It is interesting

to notice that the precision of the public signal here increases with the precision

of the private signals: the more precise the exogenous private signals, the more

precise the endogenous public signal becomes.

5.2.2 The coordination game

Once R has been determined, we can focus on the coordination game.

As in the previous model, the agents now observe both a private signal T i0,

and a public signal z = T̂0(R) + Φ−1( 1
N0

) 1√
β

+ Φ−1( 1
R ) 1√

β
.

We keep the same two conditions as before. The �rst one states that an

agent, whose posterior belief
βδz+βT i0
βδ+β is exactly T̂0(R)+

δ(Φ−1( 1
N0

) 1√
β

+Φ−1( 1
R ) 1√

β
)

δ+1 ,

10The Walrasian auctioneer is the hypothetical auctioneer that matches demand and supply
in a perfect competition market
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should be indi�erent between buying bonds and not buying bonds. The same

arguments as before yield:

Φ(
√
β + βδ(T̂0(R) +

δ(Φ−1( 1
N0

) 1√
β

+ Φ−1( 1
R ) 1√

β
)

δ + 1
− T0∗)) =

1

R

The second one states that, T0 ∗ (R) is the critical value of the fundamental

at which the State is on the margin between defaulting and not. It is thus the

state such that:

Φ(
√
β(T̂0(R)− T0∗)) =

T0∗
N0

.

We then have:Φ(
√
β + βδ(T̂0(R) +

δ(Φ−1( 1
N0

) 1√
β

+Φ−1( 1
R ) 1√

β
)

δ+1 − T0∗)) = 1
R

Φ(
√
β(T̂0(R)− T0∗)) = T0∗

N0

Rearranging, we get:Φ(
√

1 + δ(
δ(Φ−1( 1

N0
)+Φ−1( 1

R ))

δ+1 + Φ−1(T0∗
N0

))) = 1
R

T̂0(R) = T0 ∗ (R) + 1√
β

Φ−1(T0∗
N0

)

5.2.3 The full game

The conditions above lead to the following equilibrium characterization:

1.In equilibrium T0 ∗ (R) and T̂0(R) are given by:

Φ−1(T0∗(R)
N0

) = ( 1√
1+δ
− δ

1+δ )Φ−1( 1
R )− δ

1+δΦ−1( 1
N0

)

T̂0(R) = Φ(( 1√
1+δ
− δ

1+δ )Φ−1( 1
R )− δ

1+δΦ−1( 1
N0

)) + 1√
β

(
( 1√

1+δ
− δ

1+δ )Φ−1( 1
R )− δ

1+δΦ−1( 1
N0

)
)

2. Any equilibrium asset price function is implicitly characterized by

z = Φ((
1√

1 + δ
− δ

1 + δ
)Φ−1(

1

R
)− δ

1 + δ
Φ−1(

1

N0
))+

1√
β

(
(

1√
1 + δ

+
1

1 + δ
)Φ−1(

1

R
) +

1

1 + δ
Φ−1(

1

N0
)

)
What we see here is that T0∗ and T̂0 are uniquely determined for a given R.

Nonetheless the new fact is that R is endogenously determined: this determina-
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tion may lead to multiplicity of equilibria; the multiplicity may not arise from

the second-stage coordination game, but from rational expectations equilibrium

in the �rst-stage asset market.

The interest rate R(z) is picked out of a correspondence ˆR(z). The question

of the uniqueness of the equilibrium then relies on the following question: is
ˆR(z) single-valued for all z or is there some values of z for which the correspon-

dence admits multiple values?

5.3 uniqueness of equilibrium

The condition for the uniqueness is analogous to the one we already deter-

mined. The analysis remains the same. Let's make a change of variables.

Given z,
ψ : R 7→ x = ( 1√

1+δ
− δ

1+δ )Φ−1( 1
R )− δ

1+δΦ−1( 1
N0

)

[1; +∞] → R
is

a bijection if ( 1√
1+δ
− δ

1+δ ) 6= 0.

Solving for the uniqueness of equilibrium of this problem, corresponds to

solve for the uniqueness of x such that:

This sums up to study the function g:

g : x 7→ Φ(x) +
( 1√

1+δ
+ 1

1+δ )

( 1√
1+δ
− δ

1+δ )
1√
β
× x+ ( 1√

β
1

1+δ + δ
1+δ

( 1√
1+δ

+ 1
1+δ )

( 1√
1+δ
− δ

1+δ )
1√
β

)Φ−1( 1
N0

)

R → R
A simple limit analysis shows by arguments of continuity that the function

admits at least one zero.

Let's now analyze the derivative of this function:

∀x ∈ R, g′(x) = φ(x) +
( 1√

1+δ
+ 1

1+δ )

( 1√
1+δ
− δ

1+δ )
1√
β

Three cases can be analyzed:

1. If
√

1 + δ − δ > 0, the derivative is always negative, this ensures the

uniqueness of the equilibrium

2. If
√

1 + δ − δ < 0 there are two cases:

(a) Either −
( 1√

1+δ
+ 1

1+δ )

( 1√
1+δ
− δ

1+δ )
1√
β
< φ(0) = 1√

2π
, in which case there exists a

subset of values of z such that there are multiple solutions

(b) Or 1√
β( δ−

√
1+δ

1+
√

1+δ
)
> φ(0) = 1√

2π
, in which case, we can ensure the

uniqueness of the equilibrium again.
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Finally there is a unique equilibrium i�
√

1 + δ− δ ≥ 011, or
√

1 + δ− δ < 0

and
√

2π >
√
β( δ−

√
1+δ

1+
√

1+δ
), which can be summarized by the late inequality:

√
2π >

√
β( δ−

√
1+δ

1+
√

1+δ
), as we show in the following �gure.

Figure 10: uniqueness vs. Multiplicity of equilibria: Conditions on the precisions

5.4 Analysis

This �rst model with an endogenous determination of the return factor has

many interesting implications.

The �rst point we would like to highlight is that we �nd, in an intertemporal

setting an e�ect of the amount of debt for re�nancing analogous as the one found

inHattori(2004). Indeed, with T1 = RN0Φ(s0+Φ−1( 1
R )+Φ−1( 1

N0
)), the equi-

librium value of ψ = T0∗
N0

is given by ψ = T0∗(R)
N0

= Φ(( 1√
1+δ
− δ

1+δ )Φ−1( 1
R ) −

δ
1+δΦ−1( 1

N0
)). We then have: ∂ψ

∂N0
= δ

1+δ
1
N2

0

φ(( 1√
1+δ
− δ

1+δ )Φ−1( 1
R )− δ

1+δΦ−1( 1
N0

))

φ(Φ( 1
N0

))
>

0, which is consistent with the result found by Hattori - which has been

found in a non-intertemporal setting. This is, once again, perfectly consistent

11From z = Φ(( 1√
1+δ

− δ
1+δ

)Φ−1( 1
R

) − δ
1+δ

Φ−1( 1
N0

)) +

1√
β

(
( 1√

1+δ
+ 1

1+δ
)Φ−1( 1

R
) + 1

1+δ
Φ−1( 1

N0
)
)
, it is clear that the case

√
1 + δ − δ = 0

yields a unique associated R(z).
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with what we would have expected; the next-period incomes are approximately

independent of the debt that must be paid back in the �rst period to avoid

bankrupt. Hence, when this amount of debt increases -i.e. the re�nancing pres-

sure increases - the part of the past debt that can be reimbursed by newly issued

bonds decreases for a given R. Hence, to avoid bankrupt, the part of the past

debt that must be reimbursed by taxes will increase, and the fundamentals will

need to be higher in order to avoid �rst-period default.

The second point we would like to talk about has not been pointed out yet.

The sign of the expression
√

1 + δ− δ, has two implications. The �rst one, that

we just saw, enables to give a su�cient characterization for the uniqueness of the

equilibrium. The second one, on which we will focus here, has more important

economical implications: it provides the sign of ∂T0∗
∂R . When

√
1 + δ − δ > 0,

∂T0∗
∂R = −

N0( 1√
1+δ
− δ

1+δ )

R²

φ(( 1√
1+δ
− δ

1+δ )Φ−1( 1
R )− δ

1+δΦ−1( 1
N0

))

φ(Φ( 1
R ))

< 0. Let's focus on

values of T0 ∈ [0;N0]. Provided T0 ∈ [0;N0], the conditional probability of

success is then: p0 = N0−T0∗
N0

-still assuming a uniform distribution of T0 on this

range. Then, if
√

1 + δ− δ > 0, ∂p0∂R > 0. What does δ stand for? δ is the preci-

sion of the random variable s0. This symbolizes in a way the degree of certainty

that the agents have about the future -the second period- at the beginning of

the �rst one, as opposed to β which would symbolize the degree of precision

that the agents have about the present -the �rst period- at the beginning of the

�rst one. This basically means that, if the agents are very uncertain about the

future, the probability of success will rise when R increases. Conversely, if the

agents are more certain about the future,
√

1 + δ − δ < 0, and ∂p0
∂R < 0: an

increase in R would lead to a decrease in the probability of success.

Once again,
√

1 + δ−δ captures the bargaining power of two opposite e�ects
of R. The �rst one -

√
1 + δ - as in the previous model, refers to a direct payo�

e�ect. When R increases, the most direct e�ect is an increase in the expected

payo�, for a given p: the individual that was the switching one, no longer is, as

his expected payo� becomes positive, and there is an increase in the number of

people who wish to buy the bonds.

The second one - δ - concerns the informative e�ect of R. Nonetheless the

interpretation is quite di�erent here. When R increases, it reduces the demand

for the bonds. Indeed, we can consider the total amount of money that can be

paid back the next period as �xed (for instance, the taxes that will be levied

in the next period are independent of R and N0). Thus, they know that an

increase in R must be compensated by a decrease in the demand, for the State

to be able to pay back all its creditors in the next period. Then, this informative
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e�ect can be interpreted as a second-period default risk e�ect : the agents react

to an increase in R by a decrease in the demand in order to avoid an increase

of the burden of the debt, which would lead to a second-period default. We will

call it the burden e�ect.

When δ is su�ciently low, there is a lot of uncertainty concerning the future:

in this case, the direct payo� e�ect exceeds the burden e�ect (
√

1 + δ − δ > 0).

Indeed, you already know very little about the future income: it then becomes

very di�cult to adjust your demand to a variation of R in the asset-supply

market, because this market is too blurry for you. Hence, the stronger e�ect is

the payo� e�ect, and you will buy more bonds if R increases: an increase in R

would lead to a decrease in the �rst-period probability of default. You react in

a myopic way.

On the other hand, when δ becomes higher, the burden e�ect will exceed the

direct payo� e�ect. You have less uncertainty about the future, and you will

then put more interest in ensuring the fact that the total repayment won't be

too costly for the State in the next period. Hence, when R increases, you will

decrease your demand in order to be sure to be reimbursed. You then react in

a more forward looking way, and an increase in R would lead to an increase in

the probability of default.

This more intertemporal model can also be adapted to the current situations

in Europe. If you look at Greece for instance, there has been a lot of uncertainty

about its future. Hence, the high increase in its returns has enabled to reduce the

risk of default, by inducing the di�erent agents to buy bonds, which increases the

chances of reimbursing the past debt, and to avoid bankrupt. On the contrary,

in Germany for instance, the uncertainty about the future is lower: hence, the

lower the interest rate, the lower the risk of default. Indeed, as R decreases, the

quantity of bonds that the State will be able to reimburse will be higher, and the

State is su�ciently convincing concerning his ability for future reimbursement,

to keep the agents increase their demand. Thus, this increases the chances of

reimbursing the past debt too.

The same analysis as for the previous model can also be done: a country

with a low R and an associated low risk of default is a country for which the

agents have a great certainty about the future. When a crisis occurs, the agents

suddenly fear the future, their uncertainty about the future increases, until the

sign of
√

1 + δ − δ switches: in this case, to keep the risk of default lower, the

value of R has to rise.

If this model has particularly interesting implications, this is annoying to
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notice that the introduction of the prior asset market gives birth to multiple

equilibria for consistent values of β when δ becomes high. This model fails to

try and discover a continuous link between the fundamentals and R. Indeed,

having multiple equilibria necessarily imply at least one rupture in the continuity

of R with respect to z, which induces that there will be at least some point

where a slight change in z will lead to huge discrepancies in the realized return.

Nonetheless, the assumptions put on the asset market game are very strong,

in particular the assumption that the agents observe s0 and T0 in a melting

way, and we are con�dent in the fact that a two-stage, micro-founded model

that would erase the multiplicity of equilibria for a wider range of precisions of

the signals could take place in future works, in the framework of global games

analysis.
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6 Concluding Remarks

In this paper, we tried and build a link between the literature of Global

Games - that have proved since a long time its ability to remove the multiplicity

of equilibria in diverse coordination games - and the literature on micro-founded

debt models, where the multiplicity of equilibria has appeared in a great variety

of works, from Calvo to Cole&Kehoe.

The main point of this paper has been to try and give a realistic signi�cation

to the value of the return on the government bonds. Until now, all the models

that used Global Games theory to deal with sovereign debt issues gave little

importance to the value of the interest rate; it was mainly set as exogenous, and

used as a given variable, when it was time to solve the coordination games. Our

belief is that, if R plays a central role in many micro-founded debt models, we

should pay attention to this, while trying to transpose them into global games

framework.

Our �rst attempt has been to consider R as given, in a rational expectations

equilibrium analysis where the agents receive noisy signals about the fundamen-

tal of the economy. Nonetheless, we assumed that the value perceived by the

agents (for instance secondary market players) re�ected quite precisely the state

of the economy, which gives an informational role to this return. This model

enables, under classical restrictions, to solve for the uniqueness of equilibria,

and gives a �rst framework to analyze the occurrence, and the probability of

crisis. It also enables to give an informational reason to sovereign debt crises: if

the agents don't trust anymore that R re�ects the true value of the fundamen-

tals, the better way for the State to avoid default is to let the value of R increase.

We then turned to a more complete model, where R became endogenously

determined, and held the same kind of analysis, in a model which relies on the

works of Hellwig&Al., that have been made on currency crises. Such a model

has interesting implications in terms of sovereign debt crises. It enables to give

an interesting analysis of such a crisis: the idea that this model conveys is that

the evolution of the risk of default with the return heavily relies on the certainty

about the future that the di�erent agents have. If they are very uncertain about

it, an increase in R would lead to a decrease in the probability of default. Oth-

erwise, if you have precise information about the future, an increase in R would

lead to an increase in the probability of default.

The problem is that as the vision that the agents have of the future becomes
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more precise, the conditions for the multiplicity to be removed induced a quite

blurry signal about the fundamentals of the �rst period, which may seem un-

realistic. Nonetheless it is important to keep in mind that the multiplicity of

equilibria doesn't arise from the second-stage coordination game, but from the

�rst-stage asset-pricing market; this means that to each value of R is associated

a unique equilibrium, but the value of R may not be uniquely determined from

a value of the fundamentals. Future research that would wish to solve for the

uniqueness of equilibria in analogous models would have to focus on a better

way to express the asset pricing game.
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7 Appendix

So far, we have focused on the uniqueness of switching strategy equilibria.

In fact, we will show that if there is a unique symmetric equilibrium in switching

strategies, there can be no other equilibrium.

We will sketch the proof for the �rst, classical model, but the �avor of the

proof is analogous for the two extensions of the model.

Let's denote by u(T i0, T̃0) the expected utility from buying bonds when re-

ceiving the signal T i0when all other agents follow a switching strategy around T̃0.

As we saw, we have u(T i0, T̃0) = [p×R−1]×N0 = [Φ(
√
β(T i0−T0∗))R−1]×N0.

We also still have Φ(
√
β(T̃0 − T0∗)) = T0∗

N0
. This equality implicitly de�nes

a unique T0 ∗ (T̃0) given T̃0.

We denoteb(T̃0) the unique value such that u(b(T̃0), T̃0) = Φ(
√
β(b(T̃0)−T0 ∗

(T̃0)))R− 1 = 0. This is the threshold value under which it is dominant not to

buy bonds: any value T i0, such that T i0 < b(T̃0) implies that an agent won't buy

bonds.

Hence, if i's opponent is following a switching strategy with cuto� T̃0, i's

best response is to follow a switching strategy with cuto� b(T̃0).

One may notice that b(.) is an increasing function: indeed, T0 ∗ (.)is an in-

creasing function, which makes u(., .) a function increasing in its �rst argument,

and decreasing in its second argument. 12

We also have, for all τ ∈ R:

b(τ) =
1√
β

Φ−1(
1

R
) + T0 ∗ (τ)

With T0 ∗ (τ) > 0, this induces that b(τ) > 1√
β

Φ−1( 1
R ) .

The serie (bn(−∞))n∈Nis then strictly increasing.

Similarly, for all τ ∈ R:

b(τ) =
1√
β

Φ−1(
1

R
) + T0 ∗ (τ)

With T0 ∗ (τ) < N0, this induces that b(τ) < 1√
β

Φ−1( 1
R ) +N0 .

The serie (bn(−∞))n∈Nis both strictly increasing and bounded. Moreover,

b(.) admits a unique �xed point: 1√
β

Φ−1( 1
R ) + N0

R , which is the limit.

Similarly, (bn(+∞))n∈Nis both strictly decreasing, and bounded.

Finally both series bn(−∞) and bn(+∞) tend to 1√
β

Φ−1( 1
R )+ N0

R as n→∞.

12When x increases, T0 ∗ (x) increases, and u(., x) decreases: as u(b(x), x), remains equal
to zero and u(.,x) is increasing, this means we have to increase the �rst argument to keep
u(., x) = 0
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Figure 11: Graphical analysis of the series (bn(−∞))n∈N and (bn(+∞))n∈N

The proof is intuitive when looking at the problem graphically.

We will now show by induction that, a strategy s surviving n rounds of

iterated deletion of strictly dominated strategies is of the form:

s(T i0) =

{
1 if T i0 > bn(∞)

0 if T i0 < bn(−∞)

1. Case n=1

Let's denote σ−i the strategy pro�le of all players other than i. Let's

denote ũ(T i0, σ
−i) the expected pro�t of i buying bonds, having observed

signal T i0, when all other agents follow the strategy pro�le σ−i. The proba-

bility of success is maximal when everyone buys bonds whatever the signal,

and minimal when nobody buys bonds whatever the perceived signal.

Hence, the expected pro�t of i buying bonds, having observed signal T i0,
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is such as:

u(T i0,∞) ≤ ũ(T i0, σ
−i) ≤ u(T i0,−∞)

From the monotonicity of u in its �rst argument, we get:

T i0 < b(−∞)⇒ ũ(T i0, σ
−i) ≤ u(T i0,−∞) < u(b(−∞),−∞) = 0

And this is true whatever the strategy pro�le σ−i. Hence, whatever the

strategy pro�le of the other agents, if T i0 < b(−∞), agent i will have an

incentive not to buy bonds: s(T i0) = 0 when T i0 < b(−∞).

Similarly,

T i0 > b(∞)⇒ ũ(T i0, σ
−i) ≥ u(T i0,+∞) > u(b(+∞),+∞) = 0

Again, whatever the strategy pro�le of the other agents, if T i0 > b(+∞),

agent i will have an incentive to buy bonds: s(T i0) = 1 when T i0 > b(+∞).

Any strategy pro�le s(.) surviving the initial round of deletion of domi-

nated strategies veri�es:

s(T i0) =

{
1 if T i0 > b(∞)

0 if T i0 < b(−∞)

2. Induction

Suppose that the second proposition is true for an arbitrary n.

An agent i observes any signal T i0 and knows that the other agents fol-

low any strategy pro�le σ−i, surviving n rounds of iterated deletions of

dominated strategies.

Given this, the probability of default is maximal when σ−i is the constant

strategy pro�le of switching strategy with threshold bn(∞), and minimal

σ−i is the constant strategy pro�le of switching strategy with threshold

bn(−∞).

We then have:

u(T i0, b
n(∞)) ≤ ũ(T i0, σ

−i) ≤ u(T i0, b
n(−∞))
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The same arguments of monotonicity yield:

T i0 < bn+1(−∞)⇒ ũ(T i0, σ
−i) ≤ u(T i0, b

n(−∞)) < u(b(bn(−∞)), bn(−∞)) = 0

And:

T i0 > bn+1(∞)⇒ ũ(T i0, σ
−i) ≥ u(T i0,+∞) > u(b(bn(∞)), bn(∞)) = 0

This proves the property for the next stage.

We hence showed by induction that a strategy s surviving n rounds of iterated

deletion of strictly dominated strategies is of the form:

s(T i0) =

{
1 if T i0 > bn(∞)

0 if T i0 < bn(−∞)

Recalling that (bn(−∞))n∈N is strictly increasing, and that (bn(∞))n∈N is

strictly decreasing, any strategy that induces the agent to buy bonds for signals

lower than limn→∞b
n(−∞) = 1√

β
Φ−1( 1

R )+N0

R , as any strategy that induces the

agent not to buy bonds for signals higher than limn→∞b
n(∞) = 1√

β
Φ−1( 1

R )+N0

R

does not survive iterated dominance strategy. Moreover, there is an equilibrium

in trigger strategies around 1√
β

Φ−1( 1
R ) + N0

R
13. Finally, there is one, and only

one strategy surviving the elimination of all the iteratively dominated strategies,

and this strategy becomes the only equilibrium strategy, given that the rules

of the global game (payo� functions, distribution function of T0, εi ..) and the

player's rationality are common knowledge.14

13Once again, due to monotonicity arguments. Indeed, T i0 < 1√
β

Φ−1( 1
R

) + N0
R
⇐⇒

u(T i0,
1√
β

Φ−1( 1
R

) + N0
R

) < u( 1√
β

Φ−1( 1
R

) + N0
R
, 1√

β
Φ−1( 1

R
) + N0

R
) = 0, and conversely

14Such assumptions may appear quite strong, as the original motivations of the introduction
of these fuzzy signals - as stated in Carlsson&VanDamme(1993) - has been to try and relax
the common knowledge assumption, but are widely used in this literature, and used here too.
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